This work investigates, by means of analytical and simulation studies, the performance of spectrally-constrained image reconstruction in Continuous-Wave or Direct-Current (DC) and Frequency Domain (FD) near-infrared optical tomography. A recent analytic approach for estimating the accuracy of target recovery and the level of background artifact for optical tomography at single wavelength, based on the analysis of parametric reconstruction uncertainty level (PRUL), is extended to spectrally-constrained optical tomography. The analytical model is implemented to rank three sets of wavelengths that had been used as spectral prior in an independent experimental study. Subsequent simulation appraises the recovery of oxygenated hemoglobin (HbO), deoxygenated hemoglobin (Hb), water (H 2 O), scattering amplitude (A), and scattering power (b) using DC-only, DC-excluded FD, and DC-included FD, based on the three sets of wavelengths as the spectral prior.
Introduction
Multi-spectral near infrared optical tomography aims to reconstruct pathologically-relevant optical heterogeneities in biological tissue from information obtained over a spectrum of light (1-5). The technique utilizes measurements at multiple wavelengths (5) to decompose the spectrally variant tissue optical properties such as absorption and reduced scattering coefficients into spectrally invariant chromophore concentrations and spectrally insensitive scattering properties such as scattering power and scattering amplitude (2). Although discussions remain over the uniqueness of optical tomography reconstruction by single wavelength Continuous-Wave (CW) or Direct-Current (DC) measurements (6-7), the unique solution to optical tomography reconstruction based on spectrally-constrained DC measurement has been demonstrated by Corlu et al. (2) . Further studies based on DC measurements have been reported for imaging of breast (2) (3) (8) (9) , prostate (10), brain function (11), small animal (12), etc., and the spectrally-constrained DC-based reconstruction is shown to be more robust than the spatially-constrained single-wavelength DC-based reconstruction in recovering the optical heterogeneities (13). In recent studies (14-15), Wang et al. implemented broadband frequency domain (FD) measurements to multispectral optical tomography reconstruction. The studies concluded that increasing the bandwidth of FD measurements improves reconstruction results. In their subsequent studies, Wang et al. integrated the FD detection with DC (16-17) measurements to further expand the effective spectral bandwidth for reconstruction. The successful outcome of such FD/DC complemented approach, nonetheless, underlines a more fundamental inquiry, that is, under the same spectral-constraint, how DC based reconstruction performs with respect to FD based reconstruction. Intuitively, one might expect FD reconstruction to outperform DC reconstruction in all aspects owing to the extra phase information. However, such consideration has neither been confirmed nor negated, for which direct comparison of DC and FD reconstructions under the same context of spectral-constraint is necessary. For non-spectrallyconstrained optical tomography, or optical tomography at single-wavelength, our previous study (18) investigated three conditions of reconstruction: 1) DC-only; 2) DC-excluded FD, i.e. utilizing only the modulation amplitude (AC) and phase shift (PHS); and 3) DC-included FD, i.e. including DC, AC and PHS. It is revealed that the DC-only reconstruction, despite the less accurate estimation of the target optical properties, presents higher Contrast-to-Noise-Ratio (CNR) than the FD reconstruction does, thereby potentially better resolves the targets in certain noisy circumferences. It is also demonstrated that with spatial-prior, DC-only reconstruction is essentially equivalent to FD reconstructions, and without spatial-prior, DC-included FD reconstruction generally outperforms DC-excluded FD reconstruction. Will spectrallyconstrained reconstruction have similar outcome?
The study in (18) introduced an analytic model to estimate the translation of uncertainties in the measurements to the uncertainties in the reconstructed images, namely parameter-recovery-uncertainty-level (PRUL). This current study aims to evaluate the PRULs in spectrally-constrained optical tomography reconstruction. Specifically, we explore the PRULs of the concentrations of several important NIR chromophores, including oxygenated hemoglobin (HbO), deoxygenated hemoglobin (Hb), and water, and scattering parameters such as scattering amplitude and scattering power. The PRUL analyses are for the measurements of DC-only, DC-excluded FD, and DC-included FD, as did with the study in (18), even though other configurations of DC/FD measurements could be employed (19). The PRUL analyses are, essentially, to quantify the gradients of the chromophore concentrations and scattering components with respect to DC or FD measurement components. This study seeks to derive the wavelength-specific gradients of the chromophore concentrations and scattering components with respect to the optical properties in DC or FD measurements, which are then to be integrated with the gradients of the optical properties with respect to DC or FD measurements previously analyzed in (18) to reach the complete expressions of PRULs in multi-spectral measurements.
A practical issue arises in spectrally-constrained optical tomography is the selection of optimal set of wavelengths given the choices of doing so in the system integration. The optimization approaches demonstrated by Corlu et al. (2, 8) and Eames et al. (20) are similar as both methods compare the residue and condition numbers of numerically approximated sensitivity matrices derived for each set of the wavelength combinations. This current work proposes a novel method of optimizing the wavelength selection for spectrallyconstrained optical tomography reconstruction based on the PRUL analyses. As the gradients in PRULs are formatively equivalent to the sensitivity matrices, the new method is shown to optimize the wavelength selection as effectively as Corlu's and Eames' methods do, but at much lower computational load.
The PRUL analyses under spectral-constraint as well as the newly proposed method for spectral-prior optimization are examined by synthetic studies in a 2-dimensional circular imaging geometry resembling an applicator enclosing the medium (3, 20) . The synthetic studies are to recover targets each of which possesses only one independent contrast, and to resolve two closely positioned targets of identical studied properties. Evaluation criteria include the recovered target properties and the noise-to-contrast-ratio (NCR). In this study, NCR is defined as, opposed to CNR, the absolute levels of the background artifacts normalized by the target-tobackground contrast, therefore a lower NCR is preferred.
It is well-known that multi-spectral optical tomography reconstruction can be implemented in two ways. A conventional "indirect" method first reconstructs wavelength-specific absorption and scattering distributions and then deduces the chromophore concentrations and scattering components (9). While a "direct" spectrally-constraint method integrates the spectral information into the sensitivity matrices to directly recover the chromophore concentrations and scattering parameters (2-4, 8, 13-14, 20-22) . Note that the efficacies of both methods are ultimately bounded by the determination of the gradient of the spectrally variant optical properties with respect to the chromophore concentrations and scattering parameters. However, as the direct method has less unknown values than the indirect method does, the inverse problem in the direct method is better conditioned. Therefore it is well expected (2-4, 8, 13, 21 ) that the direct method outperforms the indirect method in terms of CNR and inter-parameter cross-talk, should the amount of the wavelengths be sufficient for recovering the unknown parameters. In light of this, the "direct" reconstruction method is adopted in the simulations of this study for multi-spectral optical tomography reconstruction.
The rest of the paper is structured to the following sections for the comparison of DC, DC-excluded FD, and DC-included FD measurements under the same spectralconstraint: analytical derivation of the PRULs, numerical implementation of the derived PRULs, ranking of the spectral-priors being implemented for the PRUL analyses, and finite-element-based simulation to validate the preceding numerical evaluations. The simulation study will demonstrate that: 1) the ranking of the wavelength sets given by the analytical approach is correct; 2) the rankings of the overall quality of chromophore recovery and the scattering property given by the analytical approach are correct; 3) DCinformation is not-redundant in FD-reconstruction; 4) for less desirable spectral prior, the phase in FD gives more robust recovery of the scattering properties.
Parameter Recovery Uncertainty Level (PRUL) in Multi-spectral Measurement

General Expression of the PRUL
For a field point at a distance d from the source in an infinite homogenous diffusive medium, we define U DC (d, l) , U AC (d, l) and Φ(d, l) as the wavelength-specific DC, AC and phase measurands. For two field points located d 1 and d 2 from the source, the differences in their DC, AC, and phase-shift denoted by d(l), a(l) and j(l), respectively, can be expressed as (18, 19) :
where r 5 |d 1 2d 2 |, w is the angular modulation frequency, v is the speed of light in the medium, and
(the "log" denotes the
are the absorption, reduced scattering and diffusion coefficients of the medium, respectively. In equation [2] , e i (l) is the extinction coefficient of chromophore i at wavelength l (23), A is the scattering amplitude and b is the scattering power (3, 8).
The standard deviations, denoted by s d , s a and s j , respectively, of the differences of the measurands d, a and j, in fact represent the measurement uncertainties (18, 19) . The translation of the measurement uncertainties into variations in the reconstructed spectrally-constrained optical properties may be modeled by
where x represents the set of chromophore concentrations, scattering amplitude and scattering power, M represents the set of d, a and j, and μ(l) represents the set of absorption and reduced scattering coefficients. Note that the s m(l) has already been given in Tables II and IV of (18), so only ∂x/∂μ needs to be derived in this study. and convert equation [7] to the matrix form of:
one has: 
[10]
The PRULs of scattering amplitude and scattering power are then expressed by: 
where (s ms′(l) / μ s′ (l)) was available in (18). 
Qualitative Evaluation of the PRULs Between Scattering Amplitude and Scattering Power
For the second terms of 2log(l m )•∑log(l i ) and m•log(l m ), apparently m . 2∑log(l i ) . 0 and thus
Summing the inequalities [13] and [14] leads to
which implies that the PRULs of the scattering power should exceed that of scattering amplitude, or the scattering power is more prone to noise than the scattering amplitude is.
Numerical Evaluation of PRULs in Multi-spectral Measurement
Sets of Spectral-prior Used for PRUL Evaluation
We implemented the 3 sets of wavelengths used in (8) as the spectral-prior for quantitative analyses of PRULs in multispectral measurements. Each of the spectral-prior sets contains 5 wavelengths as shown in Figure 1 and Table I . The set 1 expands 186 nm from 740 nm to 926 nm. The set 2 expands 240 nm from 650 nm to 890 nm. The set 3 expands 280 nm, the broadest among the three, from 650 nm to 930 nm. Note that the three wavelength sets are not chosen arbitrarily, in fact, under the caliber introduced in (8) one of them, the set 3, forms an optimal set, so they are considered suitable for demonstrating the prominent cases of spectral-prior. Note that the spectra in Figure 1 follow the chromophore absorption spectra used in (2, 8), which are based on the study of Prahl (23) .
Criteria of Wavelength Optimization in the Context of Minimizing PRULs
Wavelength optimization for spectrally-constrained optical tomography would naturally reduce the uncertainties in the reconstruction. One approach to optimize the wavelengths is to have a greater set of denominators in equations However, for equation [5] , the determinant of e T e varies in several orders depending upon the wavelengths, which is however not unexpected because the similarities between the row-vectors in matrix e could induce rank deficiency. Corlu et al. (2, 8) and Eames et al. (22) indicated such issue of rank deficiency and recommended to construct the sensitivity matrix with small residual numbers. From another perspective, however, one could associate the determinant of a matrix with the area bounded by the row-vectors of the matrix. This suggests that maximizing the determinant of the matrix e T e will likely decrease the similarities among the row-vectors in the matrix e and minimize its rank deficiency. The study in (22) also indicates that within the sensitivity matrix, less variation among the sub-matrices with respect to each category of reconstruction parameters (such as chromophore concentrations and scattering parameters) renders more favorable reconstruction. This study thereby includes the magnitude uniformity of ∂x/∂M in equation (3) as one of the criteria for wavelength optimization.
Optimization methods in (2, 8, 20, 22) appraise the residue and condition numbers of sensitivity matrix that includes n source-detector-pair 3 n measurement-wavelength 3 n nodes terms. The method introduced in this study examines equations [5] , [11] and [12] , and the total evaluation number is n source-detector-pair 3 n measurement-wavelength , which is n nodes times less in the computation load needed than the methods introduced in (2, 8, 20, 22) . Table I illustrates the outcome when applying our criteria to the three sets of spectral-prior, after neglecting the common terms |∂μ(l)/∂M(l)|•s M(l) in equation [3] . Since the optimization is in favor of large denominator of the determinant and small variation among the gradient values, the set 3 stands out as the best. The set 1 significantly outperforms the set 2 in absorption part, whereas the set 2 moderately outperforms the set 1 in scattering part. The overall ranking among the three sets of spectral-prior is thus (3, 1, 2), which agrees with the results in (8).
Quantitative Evaluations of Relative PRULs
To quantitatively evaluate the PRULs in equations From the Row-wise Norm. in Table II , one would expect that DC reconstruction has the least NCRs and accordingly, the least relative uncertainties in the reconstruction. One would also expect that including DC measurements in FD at several cases does not necessarily increase the reconstruction NCRs. Based on the Column-wise Norm. in Tables II, one would also expect that for the three sets of wavelengths, NCR C_Hb , NCR C_H2O , NCR C_HbO for the absorption aspect and NCR A , NCR b for the scattering aspect.
Simulation Studies
Synthetic Model and Geometry
The synthetic study is based on NIRFAST package (24). The forward model computes photon diffusion at each wavelength by:
(
where U( , , )  r w l is the photon fluence of wavelength l at frequency w (for DC simply assigning w 5 0) for position  r , and S( , , )  r w l is the source term. The Robin type boundary condition is assigned as: where  r 0 denotes the boundary node; A is the coefficient accounting for the refractive index mismatch; and n 0 is the where x represents the parameters to be reconstructed, including chromophore concentrations and scattering amplitude and scattering power. Figure 2 shows a circular geometry with the medium enclosed by a ring-applicator of 86 mm in diameter (3, 18, 20, 22) . 16 optodes are evenly distributed along the circumference, and each optode functions sequentially as the source with the other 15 optodes being the detection channels. As a two-dimensional optode array is simulated and all the targets are assumed centering on the plane of the optode array, twodimensional finite-element-method (FEM) simulation is used in this study (25) . The imaging geometry is discretized into 3418 finite-elements with 1785 nodes. All the simulations used 30 3 30 pixel basis for reconstruction. The reconstruction routines stop as the change of the projection error falls below 2%.
The optical properties employed in the simulations are identical to those used for Tables II, and an anomaly could have one or multiple contrasts of the properties. Two sets of simulations are conducted. One set simulates five targets with independent contrasts, and the other set studies two closely positioned targets of identical properties. White noise at 1% is added to the forward data before applying the LevernbergMarquardt algorithm as the inverse solver.
Simulation Results
Reconstructing Targets with Independent Contrasts
The set targets are five 8 mm-radius contrast-regions located 25 mm away from the center of the geometry with 0.4p angular separation, as shown in the column set of Figure 3 . Each of the five regions differs from the rest in its contrast. Figure 3 shows the reconstruction results for the three sets of spectral-prior, and Table III demonstrates the maximum values of each variable within the target regions and the percentage error of the contrast. In terms of the overall accuracy quantified in the Table III and the artifact visualized in the Figure 3 , the set 3 shown in Figure 3 (C) outperforms the other two. Next to the set 3 is the set 1 shown in Figure 3 (A), wherein the DC reconstruction underestimates HbO and Hb yet overestimates A and b due to cross-coupling. The set 2 shown in Figure 3 (B) is the least accurate, specifically in FD reconstruction, as it has the highest level of cross-coupling between the HbO and H 2 O concentrations. Table IV lists the NCRs of the reconstruction results in Figure 3 , that is, the standard deviations (s x ) of the reconstructed background values normalized by the maximum target contrasts. The s x values are calculated by excluding the areas co-centric to the targets but with the radii twice as those of the target regions. Similar to those in Table II , the NCRs in Table IV are normalized by those of DC-only in each column. Similarly in each row of Table IV , the absorption part is normalized by NCRs of the Hb and the scattering part is normalized by NCRs of the A. The row-wisely normalized NCRs in Table IV unanimously show NCR C_Hb , NCR C_H2O , NCR C_HbO for the absorption part and NCR A , NCR b for the scattering part, which agree with those predicted in Table II. For column-wisely normalized NCRs, in the sets 1 and 3, both Table II and IV indicate that the ratio of AC 1 PHS over DC stays within the range of [1, 2] . The artifact levels of DC 1 AC 1 PHS reconstruction are shown always lower than those of AC 1 PHS and sometimes lower than those of DC. Similar observations were reported in (18), and collectively they conclude that DC component is indeed not-redundant in FD measurements, therefore neglecting DC would Table III . Figures 4 and 5 show that even though the absolute properties of the target are the least accurate in DC reconstruction, the two targets are seemed better resolved in DC than in FD. Table V lists the ratios of target-to-valley contrast over target-to-background contrast (both contrasts are illustrated in the upper-left subfigure of Figure 5 ). Larger ratios indicate better identification of the targets. It is shown that, except for the cases of possessing the contrast of "A", the targets are always resolved more clearly in DC than in FD.
Comparison of μ a (l) and μ s ′(l)
Since the sensitivity matrices of multi-spectral NIR tomography are derived from that of single-wavelength optical tomography, the reconstruction results of μ a (l) and μ s ′(l) could also be insightful to the evaluation of the reconstruction performance. In this section, the analytical model of degrade the accuracy of FD reconstruction. In the set 2, the NCRs are slightly lower in FD than in DC-only. This implies that FD measurement is more robust in case of less desirable spectral-prior.
Resolving Two Closely Positioned Identical Targets
In Figure 4 , two identical targets of 8-mm in radius are embedded 25 mm from the center and the angular separation between the targets is p/4. Each target has all five contrast properties as previously defined. Figure 4 indicates that DC seems to be comparable to FD in the estimation of Hb, A, and b, but underestimates the concentration of Hb and H 2 O as comparing to FD. To explicitly compare how well the targets are resolved, the parameter contours along the concentric circle of the imaging geometry and across the targets (marked with gold dotted loops in Figure 4 ) are plotted in Figure 5 . Columnwise Norm.
Rowwise Norm.
Abs.
Columnwise Norm.
( therefore, the PRULs of the recovered parameters need to be reversely projected to s ma (l) and s ms′(l) , by: 
[20]
Analytical and simulated values of sμ a (l) and sμ s ′(l) are plotted verses the wavelengths in Figure 6 (A) and (B) respectively. The curve shapes agree between the analytical predictions and reconstruction results, yet the relative magnitudes of the curves differ slightly. In the analytical prediction, the uncertainties always follow the relationship of s DC , s AC1PHS  s DC1AC1PHS for both μ a (l) and μ s ′(l). In simulation study, one has s ma(l)_DC , s ma(l)_DC1AC1PHS s ma(l)_AC1PHS . However, for s ms′ (l) in Figure  6 (B), DC reconstruction is not always advantageous than FD. Such outcome is in no doubt related to the phase information residing in FD as that gives an additional dimension to unveil the separate contributions of μ a (l) and μ s ′(l) to the photon fluence. Note: Data are calculated as the ratio of the target-to-valley contrast over target-to-background contrast (target-to-valley contrast over and target-tobackground contrast are illustrated respectively, in Figure 5 subfigure Set 1, Column HbO). than by FD reconstruction, except for the targets possessing the contrast of "A". Such salient features owe to the least level of artifacts in DC-only reconstruction associated with an optimal spectral prior, similar to what was demonstrated with single-band reconstruction (18). In the case of a less desirable spectral-prior, however, the FD could outperform DC in the recovery of scattering properties including both A and b, implying that the addition of phase-information helps the less desirable spectral prior resolve the scattering properties more robustly.
Conclusions
A PRUL analysis model has been applied to multispectral optical tomography and used to evaluate the outcome of three sets of wavelength for spectrally-constrained optical tomography reconstruction. Simulations in an external-imaging geometry are conducted to appraise the predictions given by the introduced analytical methods. Both numerical and simulation analyses demonstrate that the rank of overall quality of chromophore recovery is Hb, H 2 O, and HbO from the highest to lowest; and in the scattering part the A is always better recovered than b. The DC-only information gives rise to unique solution to the image reconstruction routine under the given spectral prior. It is further shown that, DC-information is beneficial to FD-reconstruction, as the artifact levels of DC 1 AC 1 PHS, or DC-included FD, reconstruction are always lower than those of AC 1 PHS, or DC-excluded FD. The artifacts level as represented by the noise-to-contrastratio is almost always the least in DC-only, leading to generally better resolution of multiple targets of identical contrasts over the background than in FD. However, FD could outperform DC in the recovery of scattering properties including both A and b when the spectral prior is less optimal, implying the benefit of phase-information in scattering recovery in the context of spectrally-constrained optical tomography.
The PRUL analyses of both multi-spectral reconstruction parameters and the optical properties have been shown reliable. The method of ranking the spectral-prior based on PRUL sets conforms to the recommendation by (8) at desirably less computation load. However, there is still disagreement between the analytical prediction and simulation results due to the approximation in analytic modeling and smoothing effect in synthetic studies. For example, since the analytical model only accounts for the perturbations in the measurement, it is predicted that DC-excluded FD will outperform DC-included FD, yet the simulation shows the contrary. Such aberrations actually explain that extra information in DC components has balanced the excessive reconstruction uncertainties and made DC 1 AC 1 PHS a better choice than AC 1 PHS for FD reconstruction.
Using the three sets of wavelengths experimented in an independent prior work, this study investigated two aspects of the spectral prior: (1) for a given spectral prior, which among the chromophore concentrations (HbO, Hb, and H 2 O) or between the scattering properties (A and b) is recovered at lower (hence better) noise-to-contrast-ratio, regardless of using DC or FD reconstruction; (2) for a given spectral prior, which measurement information among DC, DC-excluded FD, and DC-included FD leads to better quantification or resolution of the target(s).
For the first above-mentioned aspect of spectral prior, it is shown, from both numerical estimation based on the introduced analytical approach and simulation, that the rank of overall quality of chromophore recovery is Hb, H 2 O, and HbO from the highest to lowest; and in the scattering part the A is always better recovered than b. This finding, on the other hand, demonstrates that the DC-only information results in unique solution to the image reconstruction routine, under adequate (not necessarily optimal) spectral prior.
The second above-mentioned aspect of spectral prior actually gives rise to two important observations that were not widely appreciated previously: whether DC information is redundant in FD reconstruction, and how DC-only reconstruction compares with DC-excluded or DC-included FD reconstruction. It is shown in this study that, the artifact levels of DC 1 AC 1 PHS, or DC-included FD, reconstruction are always lower than those of AC 1 PHS, or DC-excluded FD. Therefore one should expect that the DC component is indeed not-redundant in FD measurements, and neglecting DC degrades the contrast-to-noise-ratio of FD reconstruction. In terms of DC-only reconstruction versus FD reconstruction (including DC-excluded or DC-included), the DC-only does lead to less accurate quantification of the absolute investigated properties of the target comparing to what FD provides. However, multiple targets of identical contrasts over the background are resolved almost always more clearly by DC-only
